Recently, large gauge transformation (LGT), the residual gauge symmetry after gauge fixing that survives at null infinity, has drawn much attention concerning soft theorems and the memory effect. We point out that LGT charges in quantum electrodynamics are in fact one of non-compact generators of the two dimensional Euclidean group. Moreover, by comparing two equivalent descriptions of gauge transformation, we suggest that LGT is simply another way of describing the gauged little group for massless soft photons.
Introduction
Quantum mechanically, a particle can be defined in terms of a unitary, irreducible representation of the Poincaré group [1] . More concretely, by fixing the momentum of the particle in a specific frame, particle states are specified by their discrete, finite dimensional representations of the "little group", the subgroup of the Poincaré group which does not alter the momentum. For a massive particle, the little group is simply given by SO(3), indicating particles are characterized by their spins. Meanwhile, the little group of a massless particle is given by the two-dimensional Euclidean group ISO(2), generated by three generators Π 1 , Π 2 , and J satisfying the closed algebra, This algebra admits continuous and infinite dimensional representations, coming from the non-compact generators Π 1 and Π 2 . While the non-compact generators Π 1,2 act on the polarization vectors as a gauge transformation [2] , their effects have been ignored simply because no continuous and infinite number of observables have been found in a fixed momentum frame. The common practice is to simply set Π 1 = Π 2 = 0 and take the helicity J, the spin in the direction of momentum as an observable distinguishing different particle states. In that case, instead of an infinite tower of helicity states raised and lowered by Π 1,2 , as studied in detail in Ref. [3] , we only have two helicity states.
On the other hand, it was recently pointed out that some parts of the gauge symmetry in gravity [4] and Abelian gauge theory [5] remain as an infinite number of asymptotic symmetry even after gauge fixing (For a review, see Ref. [6] ). These large gauge transformations (LGTs) provide a simple explanation to long distance physics of soft gravitons and photons. For example, the soft theorems in Ref. [7] can be understood as Ward identities of LGTs at null infinity of asymptotic flat spacetime. We also have infinitely degenerate vacua labelled by the number of soft photon excitations, and transition between different vacua is generated by LGT charges. It was also suggested that LGT can be observed through the 'memory effect', the permanent change of the metric resulting from gravitational wave pulse [8] 1 or in the case of an Abelian gauge field, the Aharonov-Bohm effect [13] . One intriguing implication is the possible role of LGT in the black hole information paradox, with the LGT charges being the additional 'hair' distinguishing different black hole states [14] . This suggestion has been challenged, mainly due to the separation between S-matrix elements for soft photon or graviton emission and for hard processes [15, 16] . Detailed study shows that such separation crucially depends on the conservation of LGT charge eigenvalues of degenerate vacua [16] .
In this letter, we show that LGT charges in Abelian gauge theory for each fixed momentum direction are in fact identified with one of non-compact generators of ISO (2) . Hence, LGT charge eigenvalues are given by continuous real numbers, and we can introduce another generator which commutes with the LGT generator to complete the ISO(2) algebra together with the helicity operator. Moreover, by comparing two equivalent descriptions of the gauge transformation, i.e., in terms of a scalar function or in terms of an operator, we point out that at null infinity, the transitions between degenerate vacua of different soft photon excitations generated by LGT charges might be effectively identified with the transitions between helicity ±1 and 0 states of a single photon generated by the non-compact little group. We also expect that the same argument can be extended to the LGT of gravity.
Representation of LGT on the degenerate vacua
We begin our discussion with a brief review of the LGT of U (1) Abelian gauge theory such as quantum electrodynamics (QED). Under some specific choice of gauge, while all gauge degrees of freedom are eliminated globally, a part of gauge symmetries emerge at null infinity after we impose appropriate boundary conditions. For example, suppose we take the Lorenz gauge and the boundary conditions
where u ≡ t − r is the retarded time and the angular variables are parametrized by z = tan(θ/2)e iφ andz, in terms of which 2 x = (u + r, rx zz ),
The LGT corresponds to the gauge transformation A µ → A µ + ∂ µ ε arising from the scalar field ε satisfying ∇ 2 ε = 0. The gauge transformation compatible with the above boundary conditions, ε is given by a function of z and z only, say, ε(z,z) at r → ∞. Such emergent gauge symmetry at large scale is not a gauge symmetry in an exact sense because it is not defined over all spacetime points and the transformation is generated by an infinite number of generators, rather than a single generator that can be continuously deformed to the identity. The charge measured at future null infinity is given by the spatial integration of the Noether current J µ = ∂ ν (F µν ε) [5, 16] ,
The first term is known as the "hard part", that would have been the electric charge for a constant ε. Since we are interested in the vacuum where the field strength vanishes in the far future, we ignore it. On the other hand, the "soft part", the second term corresponds to the LGT generators, implying that charge conservation is accomplished after taking the soft photon contributions into account under the retarded time coordinate. From the chiral behavior of the gauge field around null infinity
2 With this choice of coordinate system, (u, r, z,z), the flat spacetime metric is given by
the soft part of LGT generator is given by
where soft photons with polarizations ǫ
annihilated by a † ± and a ± , respectively. Then, the action of Q ε corresponds to transition from n-soft photon excitation state into (n − 1)-and (n + 1)-soft photon excitation states. By redefinition and rescaling, we can express the charge operator in the form of
where the creation and annihilation operators satisfy
In the presence of symmetry, the symmetry generator Q commutes with the Hamiltonian H, and states can be described in terms of a common eigenbasis of Q and H. However, the non-excitation state in the Fock space |0 is not appropriate for a vacuum for LGT in this sense because it is not a LGT eigenstate. Rather, we need to find the vacuum as an eigenstate of LGT. Indeed, as soft photon excitations have (almost) zero energy-momentum, we can say that soft photon excitation states are (almost) degenerate with |0 , and the vacuum as an eigenstate of Q can be constructed as the superposition of |0 and (infinitely many) excitations of soft photons.
More concretely, let us pick up one Hilbert space H λ,z labelled by one specific mode (λ, z). The full Hilbert space is understood as a direct product λ,z ⊗H λ,z . For this specific mode, the charge operator Q(λ, z) =
by
This is the same representation as the coordinate operator for the harmonic oscillator. Hence, the eigenvalues q, the possible values of asymptotic charge, extend over the infinite space of continuous real numbers. Given an eigenvalue q of Q(λ, z), the vacuum |q; λ, z is expanded in terms of n soft photon excitation states as |q; λ, z = n |n; λ, z n; λ, z|q; λ, z , q; λ, z|n; λ, z = 1
with H n (q) being the Hermite polynomials.
Equivalence of LGT and the little group
In order to understand the presence of infinitely many, continuous eigenvalues of Q(λ, z), we recall that the coordinate operator Q = (1/ √ 2)(a + a † ) for the harmonic oscillator has a conjugate momentum P = −(i/ √ 2)(a−a † ). In the same way, we define an operator P (λ, z) conjugate to the charge Q(λ, z) by
Now, the operator
measures the helicity of a soft photon moving along the directionx zz : +1 for left-handed and −1 for righthanded helicity. Moreover, we define two operators having continuous eigenvalues,
We note here that both P (λ, z) and Q(λ, z) do not alter the momentum of soft photon parametrized by z so it is consistent with the definition of the little group.
In fact, the close relation between gauge transformation and the ISO(2) little group was pointed out in Ref. [2] , (see also Ch. 5 of Ref. [18] ) : the massless vector field is a vector up to gauge transformation. The action of a unitary representation of an ISO(2) little group element W (θ, α, β) = exp[−i(αΠ 1 + βΠ 2 )]exp[−iθJ] on the polarization vectors is given by
Whereas the phase factor on the right-handed side obviously indicates the rotation determined by the helicity of the photon, the gauge transformation part shows that the action of the little group on the photon induces the gauge transformation. Indeed, the LGT action i[Q ε , A z/z ] = ∂ z/z ε(z,z) corresponding to the real part of Eq. (15) comes from a scalar field
at r → ∞ such that
If ISO(2) is gauged, i.e., α is allowed to have a spacetime dependence as α = 4 √ 2π 2 rε(z,z), the soft part (ω k ≃ 0) of the gauged ISO(2) transformation is just given by ∂ z Λ 1 = ∂ z ε(z,z) and ∂zΛ 1 = ∂zε(z,z). On the other hand, as we build up the LGT charge Q ε through ∂ u (A z + Az) with A z and Az given by Eq. (4), we can also introduce two real combinations of creation and annihilation operators of photons,
While both combinations ∂ u (P 2+ ± P 2− ) are real, we should choose ∂ u (P 2+ − P 2− ) since it commutes with ∂ u (A z + Az) and can be simultaneously diagonalized. This is nothing but Π L 2 in Eq. (13) and it generates the gauge transformation corresponding to the imaginary part of Eq. (15) in which a relative sign was assigned to different helicities.
At first glance, our identification of LGT with the little group looks strange, since the LGT charges generate transitions between different vacua composed of different number of soft photons, whereas the non-compact generators Π 1,2 of the little group generate transitions between different polarization states in a single photon state resulting from their spin raising/lowering properties given by [J, Π ± ] = ±Π ± , where Π ± = Π 1 ± iΠ 2 . Such different roles of the ISO(2) group generators can be traced to the two different descriptions of the gauge transformation. In the case of LGT, the gauge transformation generated by Q Λ is i[Q Λ , A µ ] = ∂ µ Λ 1 , where Λ 1 is the scalar function given by Eq. (16) . As a result, the LGT generator Q Λ is linear in the creation and annihilation operators of the photon, so when it acts on a state with n photons, the state becomes either an (n − 1)-or an (n + 1)-photon state, as in Eq. (9) . In contrast, the gauge transformation induced by the non-compact little group generators Π Λ , i[Π Λ , A µ ] = ∂ µΛ1 comes from the operator, such as (19) where the helicity zero creation (annihilation) operators a † 0 (a 0 ) are used. Unlike the case for QED, we can consider representations of the little group where Π 1 = Π 2 = 0 is not imposed. In this case, the helicity index λ can take any (half-)integer value, and the helicity operator is given by
We can find the operators which satisfy ISO(2) algebra:
Here, the action of Π 1,2 is not just annihilating (creating) a particle with a given helicity λ, but also creating (annihilating) another particle with helicity λ ± 1. In QED, we can interpret the gauge transformation as a transition from a state with polarization vector ǫ µ ± to a state with polarization vector
4 the action of the little group transformation on the photon is just a gauge transformation. The transitions between different polarization states by the little group action are summarized as follows:
At null infinity, this gauge transformation remains as LGT.
Summary and Outlook
We have shown that the LGT charges in an Abelian gauge theory for each fixed momentum are equivalent to the non-compact part of ISO (2) . We have suggested the interpretation that LGT might be identified with the little group for massless photon, where the group action is gauged. This can be viewed both from an algebraic consideration and from a comparison with the action of the ISO(2) group on gauge fields. We have found that LGT and little group transformation correspond to different ways to describe the gauge transformation.
The infinitely many continuous eigenvalues of LGT charge can be used to label the degenerate vacua comprised of different number of soft photon excitations. This completes the proof in Ref. [16] for the separation of hard processes from soft photon states under the conservation of LGT charge.
Our result begs the question whether the LGT for gravity given by BMS supertranslations or superrotations has the ISO(2) group structure. Obviously, this LGT is the symmetry separated from the Poincaré group, to which little group belongs, and the algebra generated by LGT in gravity [19] is known to eliminate continuous spin representations once the supertranslation eigenvalues are fixed [20] . Nonetheless, if we allow supertranslations to be unfixed, we may expect the ISO(2) group structure to be generated by supertranslation generators. Indeed,the subleading fluctuation of the (zz) component of the metric δg zz contributing to the gravitational memory effect has the same structure as A z/z , given by Eq. (4) [4] so an algebra similar to ISO(2) might be constructed.
Interestingly, it has been argued that continuous spin representations of the Poincaré group are not present in string theory constructions [21] . It is apparent, particularly in the light cone gauge, that the excited string states and the massless states are related by the Virasoro generators and so the absence of continuous spin representations for the former would seem to imply the same for the latter. However, this argument [21] does not exclude the possibility of dressing an energy eigenstate with an arbitrary number of soft photons. The equivalence between LGT and the little group we found here provides an interpretation of these elusive continuous spin representations in quantum field theory and string theory.
